1. Introduction {#SEC1}
===============

Most literature on optimal design of experiments concerns univariate outcomes. In practice, however, experiments are often conducted to measure multiple outcomes that may be correlated. For instance, pharmaceutical dose-finding trials invariably measure bivariate outcomes involving efficacy and toxicity. [@B9] used the Gumbel bivariate binary quantal response model and [@B14] applied c-optimal designs to the bivariate Emax model to study efficacy and toxicity. Similarly, [@B8] proposed using a continuation ratio model for a trinomial outcome, where the outcome of a patient is classified as no reaction when neither toxicity nor efficacy occurs, efficacy for efficacy without toxicity, and adverse reaction for toxicity. Adaptive dose-finding trials incorporating both efficacy and safety have also been investigated; see for example, [@B7].

Recently, the use of active controls instead of placebos in dose-finding trials has received considerable attention ([@B19]; [@B18]; [@B10]). [@B4], [@B3]) discussed design issues for such trials with univariate outcomes. To the best of our knowledge, however, the problem of determining optimal designs for active controlled trials with bivariate mean outcomes has not yet been investigated. In this paper we address this problem in two steps. In §, [3](#SEC3){ref-type="sec"} we provide new results about optimal designs for various models with efficacy and toxicity outcomes without an active control. In particular we derive new upper bounds on the required number of doses and determine analytically the optimal designs with the minimum number of doses. Secondly, we show in §, [4](#SEC4){ref-type="sec"} how to obtain locally optimal designs for active controlled dose-finding trials from the preceding results for uncontrolled trials and demonstrate our approach in an example.

2. Optimal designs for bivariate outcomes {#SEC2}
=========================================
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\Sigma_1 = {\rm cov}(Y) = \begin{pmatrix} \sigma_e^2 & \rho \sigma_e \sigma_t
\\ \rho \sigma_e \sigma_t & \sigma_t^2 \end{pmatrix}\!,
\end{equation*}
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One key advantage of working with approximate designs is that convex optimization theory can be applied and a general equivalence theorem is available to verify whether a design is optimal among all designs. Its proof is a direct application of Theorem 7.14 in [@B16].
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Characterizations of the type ([3](#asx057M3){ref-type="disp-formula"}) are also useful for finding optimal designs analytically if the model is not too complicated. However, regression models with a multivariate outcome are complex and in practice optimal designs have to be found numerically ([@B1]; [@B17]). For such calculations, sharp bounds on the number of support points of the optimal designs reduce the complexity of the optimization problem substantially and will be derived in the following section.

3. Optimal designs for dose-finding trials without an active control {#SEC3}
====================================================================

3.1. Introduction {#SEC3.1}
-----------------
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}{}$ M_1(\xi_1,\theta_1) {\leq_L} M_1(\xi_2,\theta_1) $\end{document}$ with respect to the Loewner ordering ([@B12]). Recently, the characterization of the number of support points of admissible designs has received considerable attention ([@B23]; [@B22]; [@B5]; [@B24]; [@B2]), leading to substantially smaller bounds than provided by the classical approach using Caratheodory's theorem ([@B16]). We show in Theorem A.1 of the [Supplementary Material](#sup1){ref-type="supplementary-material"} that these results can be proved under weaker assumptions than usually made in the literature using the theory of Tchebycheff systems ([@B12]). More specifically, in Theorem A.1 we provide a characterization of admissible designs that generalizes Theorem 3.1 in [@B5] and can be used to derive new bounds on the number of support points of admissible designs for the commonly used nonlinear regression models in dose-finding trials without an active control for joint efficacy-toxicity outcomes.

3.2. Bounds on the number of support points {#SEC3.2}
-------------------------------------------
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*If the number of parameters in the mean function for the efficacy model is the same as for the toxicity model, i.e., $\documentclass[12pt]{minimal}
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The following result provides minimally supported $\documentclass[12pt]{minimal}
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4. Optimal designs for active controlled dose-finding trials {#SEC4}
============================================================

We now extend the preceding results to active controlled dose-finding trials with a predetermined total number of patients $\documentclass[12pt]{minimal}
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\dfrac{\lambda_{{\min}} \{\mathcal{I}_2(\theta_2) \}}{\lambda_{{\min}} \{M_1(\tilde \xi^*, \theta_1)\} },
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5. Conclusions {#SEC5}
==============

There are several lines of future research. First, the results of this paper on locally optimal designs require a priori information about the unknown model parameters and an interesting direction is to further develop the methodology to accommodate more sophisticated optimality criteria, which are robust against a misspecification of the unknown parameters. Second, while the mentioned applications typically consider bivariate outcomes, it is also of interest to extend these results to multivariate responses. The results of [@B15] indicate that such an extension is very challenging. Finally, this paper considers models with additive normally distributed random errors. This assumption is mainly made for the sake of transparent notation, and using similar techniques to those described by [@B3] the results can be extended to more general models involving exponential families. On the other hand, a further important and very challenging direction of future research is the development of a corresponding methodology which is applicable in random effect models.
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